Stability of filled cylindrical shell columns by Tsao, Yu Wen
Scholars' Mine 
Masters Theses Student Theses and Dissertations 
1973 
Stability of filled cylindrical shell columns 
Yu Wen Tsao 
Follow this and additional works at: https://scholarsmine.mst.edu/masters_theses 
 Part of the Engineering Mechanics Commons 
Department: 
Recommended Citation 
Tsao, Yu Wen, "Stability of filled cylindrical shell columns" (1973). Masters Theses. 3529. 
https://scholarsmine.mst.edu/masters_theses/3529 
This thesis is brought to you by Scholars' Mine, a service of the Missouri S&T Library and Learning Resources. This 
work is protected by U. S. Copyright Law. Unauthorized use including reproduction for redistribution requires the 
permission of the copyright holder. For more information, please contact scholarsmine@mst.edu. 
STABILITY OF FILLED CYLINDRICAL SHELL COLUMNS 
BY 
TSAO, YU WEN, 1935-
A THESIS 
Presented to the Faculty of the Graduate School of the 
UNIVERSITY OF MISSOURI-ROLLA 
In Partial Fulfillment of the Requirements for the Degree 
MASTER OF SCIENCE IN ENGINEERING MECHANICS 
1973 
Approved 





This experimental investigation was conducted to study 
the stability of filled cylindrical shell columns. Two 
kinds of filler materials, flower clay (florist clay) and 
silica sand, were investigated. The cylindrical shells 
were made of 2024-T3 Reynolds aluminum tubing. Uniaxial 
compressive loading was applied directly to the filler 
materials through two loading rams, one at each end of the 
cylinder, (no loading was applied directly to the shell). 
Tests for investigating the load transmitting characteris-
tics of the filler materials were performed, and the states 
of the stresses existing in the cylindrical shells were 
then obtained. 
The buckling formula for thin-walled cylindrical 
shells under internal hydrostatic pressure was compared 
with the experimental results of the cylinders filled with 
clay. The theory for thin-walled cylinders subjected to 
direct uniaxial compressive loading on the shells was 
compared with the results for the sand filled cylinders. 
- ~--~ w~s _necessary to introduce a reduction _factor., fq_f: 
eff.ect...ive length when ~~nd W~? U.§~Cl as _the . filler material. 
The tanqent modulus formula was chosen to predict the 
buckling load of the filled cylinders be~ond tbe elastic 
ranqe of the material. 
The experimental results were found to be in good 
agreement with the theoretically predicted curves. 
ii 
Comparisons of the theoretical and experimental buckling 
loads are given graphically as functions of the length and 
the reciprocal of the square of the length. 
iii 
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In the study of stability of shells, greatest attention 
has been paid to circular cylindrical shells. Shells of 
such configuration correspond to the requirements of minimum 
weight of construction and simplicity of manufacture; 
therefore, they are used extensively in all major industries. 
Buckling of cylindrical shells can occur when they are 
subjected to axial compression, transverse pressure, 
torsion, bending, and where these loads occur in various 
combinations. 
Involved herein is an experimental investigation of 
the elastic and inelastic buckling of filled cylindrical 
shell columns. Axial compressive loading was applied 
directly to the filler materials themselves, {no loading 
was applied directly to the shell) . The purpose of this 
investigation was to verify elastic buckling formulas for 
filled c ·ylinders and to determine how well the commonly 
used §ngent modulus formy la agplie~_t..Q_s:...Y..!.i iJ..dri~ l sq~lJ­
columns in the inelastic (plastic) range of the material. 
Two filler materials, flower clay {florist clay) and 
silica sand, were used in this investigation. 
The test results show that ~~_i_a):__ stress i;r:LJ::.JJ~ 
cylinder wall is negligible when the axial compressive 
load is applied to the clay filler (Figure l) . The clay is 
therefore transmitting hydrostatic pressure to the cylinder 















uniaxial compressive load 




ram to ram length 
Figure l.(a) Loading and Internal Pressure Distribution in a Clay 
Filled Cylinder 
(b) Ideal Stress State in the Wall of a Clay Filled Cylinder 
F F 
a F uniaxial compressive load c 
p internal lateral pressure 
a 0 p load per unit of circumference a a = 
A inside cross-sectional area of 
a 
c the cylinder 
(b) a = axial stress 
a 
a = circumferential stress 
c 
Figure 2.(a) Loading and Load Distribution in a Sand Filled Cylinder 
(b) Ideal Stress State in the Wall of the Sand Filled Cylinder 
2 
3 
are equivalent to pinned ends. This was observed during the 
testing and confirmed by the test results. 
On the other hand, more than ninty £ ercent of the load 
was transmitted to the shell _ ~n its axial direction when the 
same kinq_g f ___ ~t.e.~ ... t~~.,.lieX:~.~. ~.o.r.me.d-..o.o .... .,.the_....,§.!_l i_ca sand filled 
cylindrical columns (Figure 2). This phenomenon is similar 
to a cylindrical shell under direct uniaxial compressive 
loading. As observed during the tests, the end conditions 
of both ends of the ~¥~inders are partial~¥ fixed rather 
than equivalent to pinned ends because of the friction 
between the grains of the sand. 
Only the fundamental buckling mode was considered in 
this investigation, since the fundamental mode gives the 
lowest critical load. It is the mode assumed in practice 
more frequently than any other buckling mode shape. 
4 
II. REVIEW OF LITERATURE 
A. Instability of Cylindrical Shell Columns Under Internal 
Circumferential Hydrostatic Pressure 
A cylindrical shell subjected to an internal circumfer-
ential hydrostatic pressure (no axial loading) will buckle 
when the pressure reaches a limiting or critical value. A 
cylindrical column whose effe£hiY~--~~th is large in 
comparison to the diameter will buckle elastically. If the 
effective length is relativelv small, the tensile stress in 
the wall reaches the elastic limit and the bucklinq will be 
inelastic or plastic. 
Intuitively, the buckling of a shell whose basic stress 
system consists of a tensile circumferential stress seems 
impossible. It can however be buckled, and the analytical 
work has been done by Flugge (1) and Nagel (2). 








where F represents the elastic critical buckling load 
cr 
(internal pressure times the inside cross-sectional area of 
the cylinder), r the mean radius, and t the wall thickness 
of the cylinder, Leff the effective length, A the inside 
cross-sectional area of the cylinder, and E the modulus of 
elasticity of the material. 
5 
In the inelastic ranqe two widely used formulas, the 
tangent modulus formula and reduced modulus formula, have 
been proposed. The tangent modulus formula, which has been 
investigated by Shanley (3) (4) and Wang (5), is used in 
this investigation to determine the inelastic buckling load. 
The tangent modulus formula gives the maximum load at which 
an initially straight, centrally loaded column will remain 
straight. Loading beyond the tangent modulus load will 
cause bowing, which will produce permanent eccentric 
bending deformation. The reason of choosing the tangent 
modulus formula is based on Larsson's report (6) which 
concludes that the tanqent modulus theory, in most cases, 
yields a better approximation for the maximum load supported 
by a centrally loaded, initially straight, column than does 
the reduced modulus formula. The tangent modulus formula 
is obtained by replacing the modulus of elasticity with the 
tangent modulus, thus extending the validity of the 
buckling equation beyond the elastic range. The equation 
becomes 
where (Ft) represents the inelastic buckling load and Et 
cr 
the tangent modulus, which is the slope of the tangent line 
at any point on the stress-strain curve beyond the elastic 
range of the material. For materials such as aluminum 
alloys, which do not have yield points but instead exhibit 
a gradual increase of plastic strain with increase of 
stress, the tangent modulus can be obtained directly from 
the stress-strain curve of the material by the relationship 
The circumferential stress in a thin-walled cylinder 








where p represents the internal pressure. The axial applied 
load F = pA, and therefore the buckling load can be written 
(F ) = (a ) (t) A = TI 2 E _E!_ A t cr c cr r t L2 
eff 
where (a ) is the circumferential stress at the buckling 
c cr 
load. 
The theoretical inelastic buckling curve can now be 
constructed by taking several values of (a ) r' and 
c c 
determining for each value the corresponding values of Et 
from the stress vs. tangent modulus curve which was 
constructed from the stress vs. strain curve. The values 
of Et and (a ) can then be substituted into the tangent 
c cr 
modulus formula for critical buckling and the corresponding 
values of Leff and (Ft)cr can be found. 
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B. Instability of Cylindrical Shell Columns Subjected to 
Direct Uniaxial Compression 
If a cylindrical shell is uniformly compressed in the 
axial direction, buckling will occur at a certain value of 
the compressive load. For a lo~ cylindrical shell, the 
--
bucklinq will be that of an Euler column. The elastic 
buckling formula for a thin-walled cylinder subjected to a 
direct uniaxial compressive load on the shell as given by 
Fli.igge (1) is 
F 
cr = 27TrPcr = 
where P is the buckling load per unit of circumference, 
cr 
and n is an integer which represents nth buckling mode 
shape. For the fundamental mode shape n = 1, therefore, 







where I = 7Tr 3 t for a thin-walled cylinder. This equation is 
identical to the Euler formula. 
When the formula is applied to columns with pinned ends 
Leff is the total length. A change of end conditions from 
pinned ends to fixed or partially fixed ends causes a 
reduction in effective length as given by Timoshenko (7) . 
The length reduction in the elastic range will be directly 
proportional to the true length, however, in the inelastic 
range the effective length will decrease as the value of 
tangent modulus decreases until reaching the lower limit 
value as Et approaches zero. The buckling formula can 
therefore be written 
or 
F = n3-co cr j.:.l 
n 2 E! 
(C L) 2 
e 
F = 
cr (C L) 2 
e 
8 
where L represents the measured ram to ram length (Figures 1 
and 2) and C the reduction factor for effective length in 
e 
the elastic range of the material (C L is therefore the 
e 
effective length Leff in the elastic range). 
In the inelastic range, the tangent modulus equation 
is 
(F t) cr 
or 
(Ft)cr::::: 
where Ct is the reduction factor of length in the plastic 
range of the material (Leff = CtL in the plastic range) . 
In order to construct the inelastic buckling curve, 
several pairs of values of (a ) and Et can be found from 
a cr 
the stress vs. tangent modulus curve. Substituting these 
values into the equation 
(where (a ) is the axial compressive s tres s at the 
a cr 
9 
buckling load and A is the cross-sectional area of the wall 
s 
of the cylindrical shell) permits us to determine (Ft)cr and 
III. EXPERIMENTATION 
A. Test Specimens, Loading Rams, and Filler Materials 
A total of 17 buckling tests were performed, 10 with 
flower clay (Beagle Manufacturing Co., Inc.) filled 
cylinders, six with silica sand filled cylinders, and one 
sand filled cylinder with clay plugs (approximately 1.5 
inches) at each end. The cylinders were made of 2024-T3 
10 
Reynolds aluminum tubing with one inch outside diameter and 
0.035-inch wall thickness. They were prepared in lengths 
from twelve to forty-one inches. The ends of each specimen 
were milled perpendicular to the center line of the cylinder. 
Flower clay is normally used for flower arranging and 
is commercially available at variety stores. It is somewhat 
similar in texture and properties to modeling clay. The 
sieve analysis of the silica sand is given in Appendix I. 
Three cylinders of twelve inch length and one ten inch 
long sectoral strip with 0.0189 square inch cross-sectional 
area were prepared for investigating the load transmitting 
characteristics of the filler materials and for determining 
the properties of the aluminum. 
Each of the three twelve inch long cylindrical columns, 
had four Micro-Measurements Type EA-06-250AF-120 strain 
gages attached. Two sets of diametrically opposite gages 
were mounted in the axial and circumferential directions. 
These gages were approximately at the mid-point. The 
sectoral strip had two strain gages attached on the convex 
side; one in the axial and one in the circumferential 
direction. 
Two loading rams with dimensions shown in Figure 3 
were made of steel. The small end of each ram was machined 
to give a close sliding fit in the cylinder with a diameter 
approximately 0.003 inch less than the inside diameter of 
the cylindrical specimen (9). The rams could easily be 
turned by hand in the cylinder. 
B. Test for Determining the Properties of the Specimen 
11 
The aluminum sectoral strip was subjected to uniaxial 
tensile loading and strain was recorded for every 50 lbs. of 
load increment to rupture. This test was used to determine 
elastic and plastic properties of the material. 
A tensile test was also performed on one of the twelve 
inch long cylindrical specimens. The test on the cylinder 
was conducted only in the elastic range. The elastic 
constants from this test compared favorably with those from 
the sectoral strip. 
c. Test for Investigating the Load Transmitting Character-
istics of the Filler Materials 
A twelve-inch long strain gage instrumented cylindrical 
column was filled with flower clay. The two loading rams 
were inserted into the cylinder, and the cylinder was placed 
in the universal testing machine. A small load was placed 
on the rams to keep the cylinder in place. The cylinder was 
then aligned with a level. The axial and circumferential 
strains were recorded for every 200 lbs. increment of 
compressive load. 
The same kind of test was performed on the sand filled 
cylinder except the strain was recorded at 500 lbs. incre-
ment of load. 
Figure 4 shows the sand filled cylinder in the testing 
machine. 
D. Buckling Tests for Cylindrical Shell Columns Filled with 
Flower Clay or Silica Sand 
The test cylinder was filled with clay or sand and the 
two rams were inserted into the ends of the cylinder. The 
assembly was placed in the universal testing machine, and an 
axial compressive load was applied to the filler material 
through the rams. A slight compressive load was applied to 
the rams to hold the cylinder in position, then the cylinder 
was aligned. The compressive load was increased at a slow 
uniform rate until the maximum load was reached. The 
application of loading ceased when it was apparent that the 
ultimate load had been obtained. The ram to ram length was 
obtained by subtracting the ram lengths from the distance 
between the two loading heads of the testing machine. 
Figure 5 shows the clay filled cylinder of 14-5/16 inch 
length buckled in the testing machine. Figure 6 shows four 






Figure 4. Sand Filled Cylindrical Column in the Testing 
Machine 
14 
Figure 5. The 14-5/16 inch Long Clay Filled Cylinder 
Buckled in the Testing Machine 
Figure 6. Four Cylindrical Columns After Testing 
15 
IV. RESULTS 
A. Tensile Test of 2024-T3 Aluminum 
Table I gives a set of stress-strain results for the 
tensile test on the sectoral strip with 0.0189 square inch 
cross-sectional area. The method of least squares was 
employed to obtain the values of elastic modulus E and 
Poisson's ratio~- The obtained values of 10.58 x 10 6 psi 
forE and 0.313 for ~ are in good agreement with the 
respective handbook values of 10.6 x 10 6 psi and 0.33. The 
experimental results are presented graphically in Figure 7. 
The tangent modulus curve in Figure 7 was obtained from the 
stress-strain curve in the same figure. 
16 
The method of least squares was also employed to obtain 
the modulus of elasticity E and Poisson's ratio ~ from the 
stress-strain results of the tensile test of the twelve-inch 
long cylindrical specimen. The obtained values are 10.593 x 
10 6 psi for E and 0.3 for ~-
The elastic constants from the sectoral strip were 
used in all calculations because some instrumentation 
problems were encountered in the test on the cylinder. 
B. Load Transmitting Characteristics of the Filler Materials 
Tables II and III give the experimental results for 
compressive tests of the cylinders filled with flower clay 
and silica sand, respectively. By the method of least 
squares, the values of micro-strain per pound of load were 
found. These values are E 1 = -0.568 x 10- 6 per lb. and 
a 
= 1.779 x 10- 6 per lb. for clay filled cylinder, and 
E 1 = -0.8744 x 10- 6 per lb. and E 1 = 0.2027 x 10- 6 per lb. 
a c 
for sand filled cylinder, where E 1 represents the axial 
a 
17 
elastic strain per pound of load, and E 1 the circumferential 
c 
elastic strain per pound of load. 
Substituting the values of E 1 = -0.568 x 10- 6 per lb. 
a 
and E 1 = 1.779 x 10- 6 per lb. together withE= 10.58 x 10 6 
c 






€ + ~€ 
a c E 
1 - ~2 
€ + ~€ 
c a E 
1 - ~2 
where 0 and 0 represent the axial and circumferential 
a c 
stresses, respectively, gives 0~ = -0.129 psi/lb. and 
0 1 = 18.78 psi/lb. for flower clay filled cylinder, where 
c 
0 1 represents the axial stress per pound of load, and 
a 
0 1 the circumferential stress per pound of load. The 
c 
theoretical axial and circumferential stresses per lb. of 
load in a cylindrical shell under hydrostatic pressure 
(no axial loading) are 
18 
and 
(~) r 0 = t c 2 
nr -
or 
0 1 01 = c 18.84 psi/lb. = c F 7Trt 
where F is the applied load, r = 0.4825 - in. and t = 0.035 in. 
According to the above calculations, it can be seen that the 
stresses in the clay filled cylinder approach those in a 
cylinder under circumferential hydrostatic pressure. 
Calculating the axial and circumferential stresses for 
the sand filled cylinder by substituting the values of 
s 1 = -0.8744 x 10- 6 per lb., s 1 = 0.2027 x 10- 6 per lb., 
a c 
E = 10.58 x 10 6 psi, and ~ = 0.313 into the biaxial Hooke's 
law, gives 0 1 = -9.51 psi/lb. and 0 1 = -0.833 psi/lb. 
a c 
These values approach the theoretical stresses in a cylindri-
cal shell subjected to direct uniaxial compression in which 
and 
0 1 a 
= = = F A -9.434 psi/lb. 
s 
where A = 0.106 square inch. 
s 
19 
Since the axial and circumferential stresses in the 
clay and sand filled cylinders are in close agreement with 
those of the cylindrical shell under internal circumferential 
hydrostatic pressure and direct uniaxial compressive load, 
respectively, the results of the buckling tests were 
compared to these two aforementioned theoretical cases. 
C. Buckling Tests of Filled Cylindrical Columns 
The results are tabulated in Table IV for clay filled 
cylinders and Table V for sand filled cylinders, and also 
plotted in Figures 8 and 9 in terms of two sets of parameters, 
F vs. l/L 2 and F vs. L, respectively. The length L is 
cr cr 
the effective length for the theoretical curve and the ram 
to ram length for the experimental data points. 
In both of the Figures 8 and 9, the lower solid curves 
represent the theoretically predicted buckling curves based 
on the cylindrical shell under internal circumferential 
hydrostatic pressure. The circled data points are for the 
clay filled cylinders. The upper solid curves are the 
theoretically predicted buckling curves based on the 
cylindrical shell under direct uniaxial compressive loading. 
The triangular data points are for the sand-filled cylinders. 
The straight line portions of the curves in Figure 8 are 
for elastic buckling and the curved portions are for plastic 
{inelastic) buckling. 
The experimental values of F are the ultimate loads 
cr 
carried by the specimens. The effective lengths for the 
clay filled cylinders in both the elastic and plastic range 
are the ram to ram lengths. The end conditions are equiva-
lent to pinned ends, a fact which was observed during test-
ing and subsequently experimentally verified. The sand 
filled cylinders were found to have an effective length 
0.774th ram to ram length in the elastic range. The value 
of 0.744 was found by multiplying the reciprocal of the ram 
20 
to ram length by the corresponding length on the theoretical 
curve. In the plastic range, the effective length of the 
sand filled cylinders varies from 0.94 to 0.76 of the 
respective ram to ram length. These values were also 
obtained by multiplying the reciprocal of the ram to ram 
lengths by their respective corresponding lengths on the 
theoretical curve, and are tabulated in Table V. The end 
conditions of the sand filled cylinders are partially 
fixed rather than equivalent to pinned. This phenomenon 
was also observed during testing. 
The change of end conditions of the sand filled 
cylinders was verified by testing a sand filled cylinder 
with clay plugs at each end; with ram to ram length of 39.5 
inches the buckling load was 710 lbs. When the same 
specimen was tested without clay plugs (sand only) and the 
ram to ram length was 39-9/16 inches, the buckling load 
increased to 1380 lbs. This leads one to the conclusion 
that the primary influence of the sand is one of partially 
constraining the rams from rotation and thus reducing the 
effective length. The point enclosed by the square in 




Table I. Tensile Test of 2024-T3 Aluminum with Cross-
Sectional Area 0.0189 in 2 
Load Stress Axial Circumference 
Strain Strain 
lb psi l.lin/in l.lin/in 
50 2645.5 257 - 100 
100 5291.0 522 - 195 
150 7936.5 722 - 240 
200 10582.0 982 - 325 
250 13227.5 1237 - 405 
300 15873.0 1507 - 490 
350 18518.5 1737 - 570 
400 21164.0 2002 - 650 
450 23809.5 2246 - 740 
500 26455.0 2494 - 820 
550 29100.5 2744 - 900 
600 31746.0 2978 - 980 
650 34391.5 3242 -1060 
700 37037.0 3507 -1145 
750 39682.5 3757 -1225 
800 42328.0 4046 -1305 
850 44937.5 4410 -1400 
900 47619.0 4878 -1530 
950 50264.5 5652 -1750 
1000 52910.0 7107 -2250 
1350 71428.5 (ultimate) 
23 
Tangent Modulus, psi (millions) 
50000 a vs. E 
47500 
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Figure 7. Stress vs. Strain and Stress vs. Tangent Modulus for 2024-T3 
Aluminum 






























































































Extrusion of clay past the rams occurs at a load of 2550 
lbs. (3758 psi). 
24 
Table III. Compression Test of Aluminum Cylinder of 12-inch 
Length Filled with Silica Sand 
Circumferential Axial 
Load Strain Strain Average Strain Strain Average 
No. 1 No. 2 Strain No. 3 No. 4 Strain 
lb. llin/in llin/in llin/in lJin/in llin/in 11in/in 
500 140 86 113.0 - 408 - 196 - 302.0 
1000 276 165 220.5 - 824 - 760 - 792.0 
1500 408 236 322.0 -1230 -1420 -1325.0 
2000 542 312 427.0 -1614 -1862 -1738.0 
2500 670 386 528.0 -1998 -2298 -2148.0 
3000 786 462 624.0 -2360 -2739 -2549.5 
3500 903 544 723.5 -2704 -3226 -2965.0 
4000 1034 618 826.0 -3095 -3708 -3401.5 
Table IV. Buckling Test of Aluminum Cylinders Filled with Flower Clay 
Effective Length Reciprocal of Square Experimental 
(Ram to Ram Length) of length Buckling Load 
in. 10- 6 I in? ( 1/L 2 ) lbs. 
11-3/16 7989.8 2640 
12-3/4 6151.5 2535 
14-5/16 4881.6 2445 
18-7/8 2807.9 2345 
24-9/16 1660.0 1930 
25-7/8 1493.6 1900 
26-13/16 1391.0 1750 
27-5/8 1310.0 1650 
31-9/16 1001.0 1200 
38-11/16 667.0 820 
1\.) 
U1 
Table V. Buckling Test of Aluminum Cylinders Filled with Silica Sand 
Ram to Ram Effective Reciprocal of Square Experimental Reduction Factor 
Length Length Length Buckling Load of Effective Length 
(L) in. (Leff) in. (l/L 2 )10- 6/in 2 lbs. 
11-1/16 8.4 8171.3 5330 0.760 
12-5/8 10.3 6273.9 5080 0.815 
14-7/8 13.8 4519.5 4675 0.928 
18-1/2 17.4 2921.8 4290 0.940 
27-5/8 21.4 2187.7 2805 0.774 


























1.000 x 0.035 inch 2024-T3 Aluminum Cylinder A 
8 
Theoretical curve for sand filled 
cylinder 
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Theoretical curve for clay filled cylinder 
0 
Elastic range 
(L=Ram to ram length for experimental data points) 
A Experimental data for sand filled cylinders 
0 Experimental data for clay filled cylinders 
8 Experimental datum for sand filled cylinder with clay 
plugs 
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~Experimental data for sand 
filled cylinders 
0Experimental data for clay 
filled cylinders 
8Experimental data for sand 
filled cylinder with clay plugs 
(L=Ram to ram length for 
experimental data points) 
~ 
Elastic range 
20 25 30 35 
L, in 
Figure 9. Buckling Load vs. Length rv 
00 
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V. DISCUSSION AND CONCLUSIONS 
A. Flower Clay-Filled Cylindrical Columns 
As can be seen in Figures 8 and 9, the experimental 
results agree quite well with the theoretically predicted 
results, especially in the elastic range of the specimens. 
The largest difference between these results is about six 
percent, and drops almost to zero for the two longest 
cylinders. The small discrepancy between the theoretical 
and experimental results can probably be attributed to 
routine experimental error such as the inaccuracy of the 
loading system, and error in measuring the effective length. 
Also, the end conditions of the clay filled cylinders may 
have some degree of fixity, since the experimental results 
are always a little higher than the theoretical curves. In 
the inelastic range, an additional source of error could 
be in the determination of the tangent modulus of the 
material. 
The fact that the experimental values are always a 
little higher than the theoretical curve indicates that the 
theory may be slightly conservative. Von Karman (2) has 
indicated that the tangent modulus curve represents the 
lower limits of the critical load, therefore this tendency 
is reasonable in the inelastic range. 
The flower clay worked well as a hydrostatic load 
transmitting medium. No difficulty was experienced in 
confining the clay until loads in excess of 2550 lbs, 
{3758 psi) were exceeded. ~t loads greater than 2550 lbs. 
the clay extruded past the cams. 
B. Silica Sand Filled Cylindcical columns 
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The elastic buckling r~GUlts of the two longest cylin-
ders agree with the theoretical curve after the reduction 
factor for length is introduc~d {Table V) • This reduction 
is caused by the fact that tP~ sand resists rotation of the 
ram thus producing partially fixed ends. This phenomenon 
was verified by testing a saod filled cylinder with clay 
plugs at each end. With a cam to ram length of 39.5 inches 
the buckling load was 710 lbG. When the same specimen was 
tested without clay plugs and the ram to ram length was 
39-9/16 inches, the buckling load then increased to 1380 lbs. 
The constant value of C {0.174) for these two cylinders is 
e 
in agreement with Timoshenko's {7) report, stating that the 
length reduction in the elastic range is directly proportion-
al to the true length. 
In the inelastic range, the experimental values are in 
reasonably good agreement With the theoretically predicted 
curve. When ram to ram length is used as effective length, 
the discrepancy between theo~Y and experimental values is 
less than six percent. The e~perimental values are consis-
tently slightly higher than the corresponding theoretical 
values. This is to be expect~d since the true effective 
lengths would be less than tP~ ram to ram length. If the 
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data points are connected and compared to the theoretical 
curve, these two curves separate as the effective length of 
the cylindrical column is shortened. This fact is consis-
tent with Timoshenko's (7) statement that the value of the 
reduction factor for length decreases with decreasing tan-
tent modulus. Whether or not the reduction factor of length 
Ct will become constant as the tangent modulus approaches 
zero needs further investigation. 
The buckling results might be expected to vary with 
different filler materials. For a given material, the fac-
tors affecting the buckling results are considered to be the 
nature of the filler material such as internal friction, the 
mutual friction between the filler material and the wall of 
the specimen, and the load transmitting characteristics of 
the filler material. Also, the size and shape of the filler 
material will affect the buckling to the thin shell because 
local buckling can be caused if the filler material is not 
homogeneously distributed. 
More data are needed to provide enough information to 
fully understand the stability problem of the filled cylin-
der. Like most research works, this project only covers a 
portion of the stability problem of the filled cylinder. 
For complete understanding of this problem further investi-
gations are suggested as follows: 
1. the effec t o f the grain size of the filler material 
on the stresses transmitted to the shell of the 
cylinder, 
2. the stability of cylinders filled with solid mater-
ials such as concrete, neat cement, and hydrostone, 
3. the stability of filled cylinders with cross-sec-
tional shapes other than circular, and 
4. the stability of filled cylinders made from steel 
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Figure 10. Sieve Analysis of Silica Sand 
